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Abstract 



00 
(N 

^^J ' A new method for the solution of initial-boundary value problems for lin- 

C^ , ear and integrable nonlinear evolution PDEs in one spatial dimension was 

introduced by one of the authors in 1997 [5]. This approach was subsequently 
extended to initial-boundary value problems for evolution PDEs in two spatial 
dimensions, first in the case of linear PDEs [11] and, more recently, in the case 
of integrable nonlinear PDEs, for the Davey-Stewartson and the Kadomtsev- 
Petviashvili II equations on the half-plane (see [13] and [14] respectively). In 
^ ■ this work, we study the analogous problem for the Kadomtsev-Petviashvili 

£Nj ' I equation; in particular, through the simultaneous spectral analysis of the 

associated Lax pair via a d-bar formalism, we are able to obtain an integral 
\& ' representation for the solution, which involves certain transforms of all the 

'*) | initial and the boundary values, as well as an identity, the so-called global 

r~^. . relation, which relates these transforms in appropriate regions of the complex 

f*"^ ' spectral plane. 

1 Introduction 

The Kadomtsev-Petviashvili equations are two integrable nonlinear evolution PDEs 
5^ ■ in two spatial dimensions, 

c3 . 

qt +6qq x + q X xx +3ad~ l q yy = 0, a = ±1, (1.1) 

where the nonlocal operator d~ l is defined as 

d- l f{x) = f f(0 C (1.2) 



The case a = 1 is known as the KPII equation and, in the context of fluid mechanics, 
appears in the study of long waves in shallow water under weak surface tension. The 
case a = — 1 is called the KPI equation and can be employed to model water waves 
in thin films, where the very high surface tension dominates the gravitational force. 
More generally, equation (jl.lj) is considered as one of the most generic models 
in nonlinear wave theory, modeling waves in acoustics, ferromagnetics and, more 
recently, in the Bosc-Einstein condensation and in string theory. 

The KP equations are regarded as the natural extension of the celebrated Korteweg 
de Vries (KdV) equation from one to two spatial dimensions; in fact, they were 
first introduced in a 1970 paper by B. Kadomtsev and V. Petviashvili in order to 
study the stability of the soliton solutions of the KdV under the effect of transverse 



perturbations. KPI and KPII differ significantly not only in terms of the physical 
phenomena that they describe, but also in their underlying mathematical structure. 

The initial value problem for the KdV equation was solved via the Inverse Scat- 
tering transform (1ST) in 1967 [T]; the initial value problems for the KPI and the 
KPII equations were formally solved in [2] and [3] , using a nonlocal Ricmann-Hilbert 
formalism and a d-bar formalism respectively (see also [4]- [7]). A unified transform 
method for solving initial-boundary value problems for linear and intcgrable nonlin- 
ear evolution PDEs in one spatial dimension was introduced by one of the authors 
in [5]. In particular, interesting results for the linearised version of the KdV and for 
the KdV itself formulated on the half-line are presented in [9]- [12]. The generalisa- 
tion of these results from one to two spatial dimensions for linear and for intcgrable 
nonlinear equations is presented in |llj and |13j . respectively. 

An analytical approach to the initial-boundary value problem for the KPII equa- 
tion on the half-plane {— oo < x < oo, < y < oo} was presented in [Tl]. Here, we 
will employ the general methodology of [13] and [14] in order to analyse the KPI 
equation for y on the half-line, that is 



It + 6qq x 



3d x q yy = 0, — oo < x < oo, < y < oo, t > 0. 



(1.3) 



The analysis, which is proposed in sections 2-4, involves the following steps: 

1 . The formulation of the PDE in terms of a Lax pair. For the spectral variable 
k = kn + iki, &r, fcj E K, and for some scalar function /i(x,y,t,kfi,ki), the 
KPI equation is the compatibility condition of the Lax pair: 



H y + i^xx - 2k\x x = -iq\x 

\H + i/J>xxx + 12ikn xx - 12k 2 fi x = Ffi, 
where /i is bounded for all k E C and such that 

lim fi=l + 0[ - 

fc|->oo \k 

with the operator F defined by 

F(x, y, t, k) = -6q (ik + d x ) - 3 (q x + id~ x q y ) 



(1.4a) 
(1.4b) 

(1.5) 
(1.6) 



The direct problem. By applying a Fourier transform in x, it is possible to 
analyse the two equations defining the Lax pair simultaneously in order to 
obtain an expression for /i which is bounded for all k E C It turns out that /j, 
has different representations in different parts of the complex fc-planc, namely 
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Figure 1.1: The eigenf unction fi in the four quadrants of the complex fc-planc. 



/j,(x,y,t,k R ,ki) 



(1.7) 



fi^(x,y,t,kR,ki), fee/, 
(jt.i(x,y,t,kR,ki), k € II, 
th(x,y,t,kR,ki), kelll, 

H^(x,y,t,k R ,ki), k e IV, 

where / — IV denote the four quadrants of the complex fc-plane. 

The functions /j,f 2 satisfy linear integral equations of Volterra type, which 
depend on q(x, y, t), q(x, 0, t) and q y (x, 0, t). 

3. The derivation of the global relation. This relation is an algebraic equa- 
tion coupling the so-called spectral functions, which are appropriate nonlinear 
transforms of the initial condition and the boundary values: 

So(«, y) = Q(x, y, 0), g(x, t) = q(x, 0, t), h(x, t) = q y (x, 0, t). (1.8) 

The spectral functions are defined via certain linear integral equations which 
depend on the functions in (11.81) . 



4. The inverse problem. By using the fact that the function \i defined in step 
2 is bounded for all k £ C, it is possible to obtain an alternative representa- 
tion for this function using a d-bar formalism (or more precisely the so-called 
Pompeiu's formula). In order to achieve this, it is necessary to: (a) compute 
d[ijdk, (b) compute the jumps of \i x 2 across the real and imaginary /c-axes 
(actually the jump across the imaginary fc-axis vanishes). The d-bar deriva- 
tives and the above jumps can be expressed in terms of the spectral functions. 
Thus, fi can be expressed via the spectral functions and hence via qo, g and 
h. After obtaining /i, it is straightforward to obtain a formula for q. 

Finally, in section 5 we will obtain an expression for the solution to the linearised 
version of the above problem in two different ways; first, by taking the linear limit 
in the representation obtained in the nonlinear case and by applying the method of 
[5] for linear evolution PDEs on the linearised KP equation: 

Ut + U xxx — SO^Uyy = 0. (1.9) 

Notations and Assumptions 

• The complex variable k is defined as 

k = kit + iki, fefl, ki € R; 
the variable I is real, I £ R. 

• A bar on top of a complex variable will denote the complex conjugate of this 
variable; in particular, k = k R — ikj. 

• For the solution of the inverse problem we will make use of the so-called 
Pompeiu's formula: if f(x,y) is a smooth function in some domain DcK 2 
with a piece-wise smooth boundary dT>, then / is related to its value on &D 
and to its d-bar derivative inside T> via the equation 

(1.10) 



where 

d( A d( = -2id£drj. 

• We will denote the initial value by 

Q(x,y,0) =q (x,y) (1.11a) 

and the boundary values q(x, 0, i) and q y (x,0,t) by 

g-(x,0,£) = <?(x,t) (1.11b) 

and 

q y (x,0,t) =h(x,t). (1.11c) 

We will assume that g S S(R x IR + ), where § denotes the space of Schwartz 
functions. 

• We will seek a solution which decays as y — > oo for all fixed (x, t) and which 
also decays as \x\ — > oo for all fixed (y,t). 

• Throughout this paper we will assume that there exists a solution q(x, y, i) 
with sufficient smoothness and decay in f2, which denotes the closure of the 
domain Q. 

• A hat "A" above a function will denote the Fourier transform of this function 
in the variable x. 

• The index "o" on a function will denote evaluation at t = 0. 

• Whenever we write q, we mean that q depends on the physical variables 
(x,y,t). 

• Whenever we write ^t, we mean that // depends on the physical variables 
(x,y 7 t) and on the spectral variables fc/j, kj £ R. 

• The subscripts X and t on a function / denote its dependence on (x, y, t), i.e. 

fxt = f(x,y,t). 
Similarly, 



fst=m,v,t)- 



2 The direct problem 



Proposition 2.1. Assume that there exists a solution q(x,y,t), defined for (x,y,t) G 
fi, to a well-posed initial-boundary value problem for equation (jl.3p . Then, the func- 
tion jj,, which is bounded for all k G C and is defined as 



fj,(x,y,t,k R ,ki) = < 



fxf(x,y,t,k R ,ki), k R < 0, ki > 0, 

fj,^(x,y,t,k R ,ki), k R <0,ki<0, 

fj,2(x,y,t,k R ,ki), k R >0 1 k I <0, 

, l^t( x ^y^^ k R' k i)^ k R >0, ki>0, 



(2.1) 



admits the following representations in terms of q(x,y,t), q(x,0,t) and q y (x,0,t): 
M + = l-J-/ dl dZ dije-^-^-^+^^qtit 

27r Jo J-oo JO 

i r — 2fci? /-oo />T 

__!_/ di / rf £ / dTe -a«-x)-HI(l+2fc)»-H-(*,0(r-t)j 3 r^+ 

2tt Jo J-oo Jt 

-i />00 /*00 ft 

+ ± dl d£ / d Te -a«-x)-HKi+afc)»-H-(*,0(r-t) J3 r^+ 

2tT J-2k R J-oo Jo 
fO poo poo 

dM d£ / d?7e- i ' ( «- a;) -^ +2fc)(T '- a) W +, fc fl < 0, jfej > 0, 

^** J —oo */ — oo </y 

(2.2a) 



/ 



/•OO /-OO /-OO 

M r = 1 + — / cfl / de / d»/e- u tt-*)-a('+2*)('»-») 8Air 

2>T Jo J-oo Jy 

i /*0 />oo />T 

__L/ d Z / df / d Te ^(?--)+^(i+2fch+-(M)(r-t) iJ(/)r 

2 71 " J-oo J-oo Jt 
• /.0 poo /-y 

_ J_ / d/ / d£ / d I) e-' 1 K-)-' ! ( ! + 2fc )("-!') w -, fc fl < 0, fcj < 0, 

2 71 " J-oo J-oo JO 



(2.2b) 



oo 

il(i-x)-il(l+2k)(r]-y) 



pj = 1 + — / dl dU drje-^-^-^'+^^-^q^ 

2T Jo J-oo Jy 



/-oo /.T 



-| />U /"OO />J 

- / dl dU dTe-^-^+^+^y+^^-^Hfc 



^ J-oo J-oo Jt 

i fO fOO /*£ 

+ _L/ di / d £ / dTe -im-x)+iHl+2k)y+^k,lKr-t) H(/) - 

2^ J-2k R J-oo Jo 
■ pO /.oo /.y 

_ J- / tfl / dC / d»7 e -««— )-«0+2*)(fl-») g/ ^- ) fc fl > o, fc f < 0, 

2 71 " J-oo J-oo Jo 



(2.2c) 



__ J ■ f dri e- a ^- x ^ a{l+2k ^-y\^ 



tO J-oo JO 

f OO /"OO 



1 />00 />CO /•[ 

+ ± dl d£ / dre -««- = )+«('+2fc)l/+"(fc,0(r-t) H ^+ 

2tt Jo J-oo Jo 

■ pO poo poo 

+ ± dl dU drje-^-^-^+^-y)^^ kR > , fc/ > 0. 

■^ 7r J —oo J — oo Jy 

(2. 2d) 



where 



u(k,l) :=-Ail(l 2 + 3kl + 3k 2 ), (2.3) 

<jif{x,t,kR,ki) := nf(x,0,t,k R ,ki), j = l,2, (2.4) 

#(z, i, fc, := 3 [$r x (:r, t) - 2i(Z + %(x, t) - id~ r h{x, t)] , (2.5) 



and g, h are defined in (|1.8 



Proof. Define the Fourier transform of /i with respect to x by 



p,(l,y,t,kR,ki) ■- 
with the inverse given by 

fi(x,y,t,kR,ki) = 1 + 



dxe- Ux 



2tt 



n{x,y,t,k R ,ki) - 1 



dle llx p.(l,y,t,k R ,ki). 



Applying (|2.6I) to the first equation of the Lax pair yields: 



fj,e 



-il(l+2k)y 



-il(l+2k)y 



dxe q/J, 



(2.6) 



(2.7) 



(2.8) 



This equation can be integrated either from to y or from y to oo, depending on 
the sign of the real part of the exponent —il(l + 2k), namely 



p,{l,y,t,k R ,ki) = 



Hfidri f™ x dSe-*- a ^ 2k X™Up + MW,k a ,ki)e a <!+ 2k ')'', Iki > 0, 



iJ ao dnJZo d t e ~ il *~ il(f+akK ''~ v) w> lkl ^ °- 



(2.9) 



Hence, equation (|2.7p implies the following formulae for /x + and fi , defined for 
kj > and ki < respectively: 



i 



OO /"OO 



-oo JO 



^{x,y,t,k R ,k I ) = l-— f dl f dt; J dr,e- il ^- x) - U( - l+2k ^- y) (q^+)(i, V ,t,k R ,k I 



1 f'°° 
+ _L / cae* lx+il0+3k)y 4> + (l,t,kR,ki) 

/OO 
d n e- a ^- x) - il{l+2k) ^- v \qn + ){^tM,ki), ki > 0, 



2tt 



and 



dl 



oo >/ — oo 



M (x,y,t,k R ,ki) = 1+ — 



oo /-oo 

dl 



(2.10a) 
d£ / di ? e- 1, «-J- < '( ,+3fc >^-"'(«A«-)«,»;,*,AH,*i) 



1 
2^ 



dZ e 



i!x + ii(i + 2fe)H 



(l,t,k R ,ki) 



■ rO foo py 

± dl dU d7 1 e~ u( ^ x) ~ u(l+2k) ^- y) {q^-)^,7 1 ,t,k R ,k I ), k!<0, 

^ J -oo J -oo JO 



(2.10b) 



where ^ are the Fourier transforms of (fx^ , defined by equations f)2.4[) . 

In order to compute <j> , we use the t-part of the Lax pair, namely we evaluate 
equation (|1.4b[) at y = and then apply the Fourier transform ()2.6j) to the resulting 
equation: 

/•OO 

^ t (l,t,kR,ki)+u(k,l)$(l,t,kR,ki)= / die- ili H{tt,k,l)4>^,t,k R ,ki), (2-11) 



where ui and H are defined by (|2.3|) and (|2.5j) respectively. 

Equation (|2.12[) can be integrated either from to t or from t to T, depending 
on the sign of the real part of u, i.e. on the sign of lkj(l + 2k r), see equation 



<t>(l,t,k R ,ki) = 



So dT SZo d $ e- il t +u ( k ' l) ( T -VH4> + e - u(k ' l ^(f>(l, 0, k R , ki), lk r (l + 2k B ) > 

- St dT S-oo <% e- il ^^ k ^ T '^H<j) + e u ( k ' l ^ T -^4>(l, T, k R , hi), lk T (l + 2k R ) < 0. 

(2.12) 



For (f> + we have that kj > 0. We distinguish two subcases, namely kn > and 
k R < 0: 

ki > and k R > 

For / G (—oo, —2kji) U (0, oo) we have that 1(1 + 2faj) > thus we use the first 
expression in (|2.12[) . whereas for I G (— 2k R , 0) we have that 1(1 + 2faj) < and so 
we use the second expression in (]2.12[) : 

( Io dT !T 00 dS,e-^+^ k ^ T - t ^ H4>+ + e -^ fc -'> t 0+(Z,O,fa,fa), l£ (-00, -2fa] U [0, oo) 

4>£(i,t,k R ,ki) = < 

I -/ t T drX!° 00 ^e- iif+w (*^^-*^</.+ + e w (' t ' ! X T -'^+(i,T,feK,fe), J e [-2fa,0], 

(2.13a) 

and 

fa > and fcj; < 

For Z G (—oo,0) U (— 2fc_R, oo) we have that Z(Z + 2fa?) > thus we use the first 
expression in (|2.12|) . whereas for Z G (0, — 2fc#) we have that 1(1 + 2kn) < and so 
we use the second expression in ([2.12)1 : 

f fo dT n o dee- <,e+w(w)(T - t) H^ +e-^ k ^ t 4>+(l,0,k R ,k I ), Zg (-oo,0]U[-2fa„oc) 
}+(l,t,k R ,k z ) = I 

{ - It ' dT fH^dte-WM^-VHti + e^ k ^ T - t '>i+(l,T,k R ,k I ), I G [0, -2k R }. 

(2.13b) 

In the case of (j>~ , we have that ki < 0. As before, we distinguish two subcases, 
kn < and kn > 0: 

fa < and k R < 

For Z G (—oo,0) U ( — 2fcjj, oo) we have that 1(1 + 2/c#) > thus we use the second 
expression in (|2.12[) . whereas for Z G (0, — 2kn) we have that 1(1 + 2kn) < and so 
we use the first expression in (j2.12|) : 

( - It dT /-"oo d ? e'^+^'^^H^ + c "C*.0C r -*% (I, T, k R , fa), I e (-oo, 0] U [-2fa, < 
<j>i(l,t,k R ,ki) — < 

[ / t drXr oo «e-« +u ^^^- t )^r+e-^^(Z,0,fat,fa), Z G [0,-2**], 

(2.13c) 

and 

fa < and k R > 

For Z G (— oo, — 2fca) U (0, oo) we have that Z(Z + 2Zc,r) > thus we use the second 
expression in ()2.12[) . whereas for Z G (— 2kn,0) we have that 1(1 + 2kn) < and so 
we use the first expression in ([2.12p : 

[ - J t T dr f^ d£ e- ai+ ^ k ^ T -^H<t>^ + e 0, (*' , )( T -*% (Z, T, fa, fa), Z G (-oo, -2fa] U [0, ( 
4>i(l,t,k R ,ki) = < 

I / t dr/_ oo oo dCe- li5+ " (M)(T - t) J ff^+^ (fc '°^ 2 -(Z,0,fa,fa), ZG [-2fa,0]. 

(2.13d) 

Moreover, equations ([2.10[1 evaluated at y = imply that (/i 1 * 1 satisfy the following 
equations: 

-| /*00 ■ /*0 /*0O />OC 

4>+ = l + — dle llx j> + + — dl d£ dri e -««-*)-«(i+2fc)i ?giU + ) ( 2 .i4 a ) 

27r JO 27r J-oo J-oo JO 

0- = l + — / dZ / d£ / dr 1 e~ u ^- x) - ll{l+2k)ri q f r + — dle llx 4>-. (2.14b) 

2?r Jo J-oo Jo 2?r J-oo 



Hence, together with the inverse Fourier transform (|2.7|) for <f> , the above imply 
that (j) + has no restrictions on t for I > as well as that 4>~ has no restrictions 
on t for I < 0. Therefore we can choose the values of cjy^ for t = and t = T 
appropriately as: 

0f{l,T,k R ,k I ) = O, l£[0,-2k R ], i>t(l,0,k R ,ki) = 0, l€[-2k R ,oo), 

(2.15a) 
$i{l,T,k R ,k I )=0, I e (-oo,0], (2.15b) 

^(Z,T,fcR,fcj) = 0, G(-oo,-2fc H ], ^(Z,0,fc iJ) A; / ) = 0, l€[-2fc H ,0], 

(2.15c) 
and 

<&(Z,0,fcfl,fcj)=0, i€[0,oo). (2.15d) 

Using these equations in equations (|2.13[) and substituting the resulting expressions 
in ([230]) . we find equations (|2~2"aj) - (J2~2d]) . □ 

3 The global relation 

Proposition 3.1. Define q$, g and h by equation (|1.8|) . j4Zso ; define the functions 
lo, (p and H by equations (|2.3[) . (|2.4p and f|2. 5f) respectively. Then, the following 
identity, called the global relation, is valid for fx: 

oo />oo 

-oo JO 

/OO /•* 

-oo ^0 

OO /"OO 

oo JO 

(3.1) 
Moreover, an alternative form of the global relation is: 

/•OO 

d£ / dr, e -m-il(l+2k)v q ^ rh tfrfc Vi t) kR: kl) 

Jo 

/•oo i-T 

i di dTe^+^^-^H^T^^itr^RM) 



OO J t 

OO /"OO 



/OO /"OO 

d£ / dr ? e- i ' ? - 4 ' (i+2fc) " +tj(fe ^ (T - t) g(e,?7,T)^(e,r/,r,fc fl ,fc 7 ), k G C, Zfc/ < 0. 
-oo JO 

(3.2) 

Proof. Applying the Fourier transform (|2.6|) to the second Lax equation yields an 
ODE in t, 

Ue^^A =e u{k ' 1 ^ f d^e^F/i, (3.3) 

where F is defined by (|1.6|) . 

This equation, together with equation (|2.8[) . imply the following equality: 



oo 



i-u(i+2k)y+^k,i)t d £ e -uz \ = ^ ie -ii(i+2k)v+ u (k,i)tj dfe-ae^] . (3.4) 

Then, Green's theorem in the plane, 
'dg df 



. dudv = I f(u,v)du + g(u,v)dv, (3-5) 

v \ du dvj J dv 



T I: 



k 



v 



Figure 3.1: The domain of integration for Green's theorem. 

T h 
T 



Figure 3.2: An alternative domain of integration for Green's theorem. 



applied inside the domains depicted in figures l3~T1 and l3~2l yields the identities (|3.1|) 
and (|3.2[) . respectively. 

Note that the constraint on I is needed in order for the exponential e -' ll ( l + 2k ) 1 i 
to be bounded when ?/ — > oo. □ 



4 The inverse problem 

Define the functions 

5n + (x,y,t,ki) = (nt - /4) 
and 

Am(x, y, t, kg.) = (}4 - Mi") 



k R =o 



Sfi (x,y,t,ki) = (mi -M2) 



fe/=0 



An 2 (x,y,t,kii) 



W -M2 



k n =0 



k,=0 



Employing Pompciu's formula (|1.10[) in the domain depicted in figure B~T1 
we can express the function \x in the following form: 



H= H 

1 

+ 27 

1 

n 

1 

7T 



1 

2in j 



VR-k 



dvj 



V 



A/x 2 - 

1 

+ 27 



1 



dvR 



2in J_ 00 v R -k 



A^i 



dvi - 



5(i 



Wi — k 2tt J _ ao ivi — k 

dvi drf 1 f° , r di// a^r 

dvR ' 



dv R 



dvj. 



v — k dv -k 
dvj dfj,2 1 



k di 



dvi. 



—00 
00 



v — k dv 
dvi dfj>2 



k di 



(4.1) 



(4.2) 



(4.3) 



Therefore, we need to compute the jumps of /i across the real and the imaginary 
fc-axes as well as the d-bar derivatives in the four quandrants of the complex fc-plane. 
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Figure 4.1: The contour of integration in Pompciu's formula. 



Proposition 4.1. (The d-bar derivatives) Define the functions /it- , j = 1,2, by 



equations ([2"TT]) and (|2~2"a)) - (|2.2d[) . TTiera, 



dk 

and 



dk 

where 



{x,y,t,k R ,ki)=ei x J{{k R ,ki)^{x,y,t,-k R ,ki), k R < 0, fc/ > 0, (4.4a) 



{x,y,t,kR,ki) = ei x J 2 {k R ,ki)n l {x,y,t,-k R ,ki), k R > 0, fcj < 0, (4.4b) 



i/ie functions f , j = 1,2, are defined by 



(4.5) 



1 /•«> /-T 1 

/! + (fcH,fc/)-— / df/ dr e 2 ^+"( fc '- 2fe «)^(e,r,fc,-2fc fl )0+, (4.6a) 
f2{k R ,kj) = — di dTe 2lk "S+^- 2k ^ T H(Z,T,k,-2k R 

^ J-oo JO 



anrf t/ie functions lo, <fif, <p 2 and H are defined by equations (|2.3[) — (|2.5 
Moreover, 



t)A- 



(x,y,t, k R ,ki) = 0, fc_R < 0, fcj < 0, 



)0 2 - (4.6b) 



(4.7a) 



-j^-(x,y,t,k R ,ki) = 0, k R >0, ki>0. 



(4.7b) 



Proof. Applying the d-bar derivative with respect to the spectral variables on 
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equation (|2.2ap and recalling that H depends on k but not on k, we have: 

^L=-i- r di r d£, r drje-^-^-^+^^-y^^i. 



dk 2?r J J_ 00 J dk 

-— [ R dl [°° dS, [ dTe~' a ^- x)+ll( - l+2k)y+ul{k ' l){T ~ t) H^- 
2tt J i-oo J t dk 

+ — f X dl f°° d£_ [ dr c~ iHC ~ x)+il(l+2k)v+u(kMr ~ t) H 9 ^ 
2tt J-2k R J-oo Jo dk 



i 



O />oo />oo ,Q,,4- 



— / dl I dU d-ne- a ^- x) - a{ - l+2k) ^' v) q 



dj4_ 

^ J — oo J — oo Jy OK 

+ e -2ik R *+4k K k zV -ulk,-zkn)tf+Q eRikijT ) i kR < o, fc 7 > 0, (4.8) 

where f± is defined by (|4.6a|) . 

In equation (|2.8|) . replace k by — k and introduce the notation ft for 

ft(x, y, t, k R , ki) = fi(x, y, t, -k R , hi). (4.9) 

Then, 

U e -U{l-2k)y\ = _ ie -il(l-2k) f°° d^e-^qft, (4.10) 

^ 'v J~oo 

hence 

l-ij^di] J™ ^ e -«e-«a-2fc)fe-»)^ + | e «a-2fc) J / ) ikl > 

ft=( °° (4.11) 

if^drif^dZe-^-W-^i-^qft, lk T < 0, 

where <fr denotes the evaluation of ft at y = 0. 
Let 

e xt = e xt (x, y, t, k, A) := e ^^+^)^MWk) y+ u(k,x)t-^t (4 u) 

where the indices X, t denote the dependence on the variables (x, y, t). Furthermore, 
define 

e lxt ■= e X t(x, y, t, k, -2iki) = e -^ R x+Ak R k iy -^k^2k R )t ^^ 

In the case of k R < and ki > 0, multiplying equation (|4.11j) by e± xt yields: 



e lxtM2 



"* So d7 l SZo <% e- u i+ 2lk ^-^-^ l - 2k ^-y^- AkRk '^-y^q(e lBt ft+) + e lxt 4>+ e W~™)v 

i \°° dr\ f°° d^e~ il i +2ikR ^~ x ^~ il< - l - 2k) ^- y) ~ ikRkl ^~ y) q(ei- t ft + ), 

(4.14) 

where the index S indicates the dependence on the variables (£, 77) instead of (x, y). 
According to equation (12. 7|) , 



1 f°° 
eix.Aa" = ei xt + — / dle llx (e lxt ft+), (4.15) 

thus, using (|4.14|) into (|4.15|) we find: 

/•OO /'OO /^y _ 

ei«/tf = ei xt - ^- / A / d£ dne- i(l - 2k ^- x) - (il(l - 2h)+4kRk ^- y) q(e lBt il+) 

^ n Jlk R J-00 JO 

1 roc 

+ _L / dle ilx+il{l - 2k)y {e lxt 4>t) 
2n J2k R 

/2kft /'oo /'oo _ 

<H / dC / dne' i{l - 2k ^-^-^ l{l - 2k)+AkRkl) ^- v \{e^ t fti). 
-oo i-cx) J« 



(4.16) 
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Replacing k by — k in equation (|2.11[) and integrating with respect to t yields: 
7i*-/!Ldf e ~ aC+0,( ~ S ' 0(T ~* ) - ar ^ + e " w( ~ S,I) *^lt=oi Rew(-M) > 

(4.17) 
Hence, for k^ < and fc/ > 0, the following equation is valid: 

p oo poo py _ 

e lxt Jit = ei xt - ±- / di / de / ^ e -^- 2fe «)^-^-("( ! - 2S )+ 4fe «^)C^) q ( eist /I+) 

2 71 " J2fc R ./-oo 70 

-] /"0 /■oo /*T _ _ _ 

+ J_ /°° d Z /°° d£ /'dr e - l(! - 2 ^ )( «- 3;)+( " (! - 2S)+4fc « fc ^ ! ' +( " ( - S ^ + " ( - S '- 2fc « ))(r - t) H(^r,-fc,0(ei.J I ,=o^) 

/2fep poo poo _ 

dl <% d V e^ l ~ 2k ^- x) - w '- 2k)+4kRk '^-^q(e lst f i i). (4.18) 

-oo J —oo Jy 

Replacing I by I + 2fe R , we find: 
ei xt at = e lxt -±j o dlj Jtj Q ^ C -««-)- a ( ,+2 *^"-»'«(ei at ^) 

-i /»— 2fep /-oo />T 

_J_/ # / dg / dre- a «- a,)+i!(i+2&)! ' +w(M)(r - t) J ff(^T,fe,Z)(e lo U=o^) 

271- Jo i-oo ii 

-1 /'OO /'OO /^t 

+ J_/ d// de/ dre-" ( «- a;)+l!(!+2fc)H+ " ( ^ )(T " t) J ff(e,r,fc,0(ei BT |,=o^) 

2?T J -2k R J -oo JO 

rO />oo />oo 

+ J_/ d/ / d£ / d7 ?e - a( «- a;) - l!(!+2fe)( ''- ! ' ) g( e i Ht /i+). fcfl<0, fcj>0. (4.19) 
2tt J_ 00 J_ 00 J y 

Multiplying this equation by /{*", we obtain an equation which the same as the 
equation (|4.8[) satisfied by the d-bar derivative of /xj" . Hence, by uniqueness we find 
equation (|4.4ap . A similar derivation yields equation (|4.4b|) . 

In the case of the d-bar derivative of [i\ , equation (|2.2d|) implies that 

df4 _ _ ± f 00 ^ j°° ^ P 1 drle -U(.i-x)-U(l+2hKv-y) q Sl4 



dk 2n J Q J -oo Jo dk 

+ _L f°° r]] f°° df f rf<r p -m-*)+H(l+2k)y+w(k,l)(T-t) Jjfty*. 
+ 2nJ d 'LV„ dk 



— f° dl r d£ [°° dve-^-^-W+^-^q^, 
27T J_ 00 J.oo J y dk 



(4.20) 



Thus, 

M = _A f° dZ /°° dC [ V dr)e -ii(^)-n(Wk)(v-y) q ^4 



dk 2?r y y_ 00 y ,% 

+ _L_ f°° dl f°° d£ I" *nKv) /"*dre- a tt-*)+«(i+afc)»+a.(*,0(r-t) ir ^ 
(2tt) 2 Jo J^ 7 7 9fc 

+ A /° dl r d£ r d V e -'K-)-!(f+2t)(r 9 ) ? M, k R > 0, fc, > 0. 
2tt J^oo J^oo J y dk 

(4.21) 

This is a homogeneous equation for d^ /dk, hence it admits the trivial zero solution. 
Therefore, uniqueness implies equation (j4.7b[) . Equation (|4.7a|) can be obtained in 
an analogous way. □ 
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Now, we will compute the jumps of fi across the real and the imaginary axis. 
Subtracting (|2.2d|) from (|2.2a[) and (|2.2c[) from (|2.2b|) . evaluating the resulting ex- 
pressions at kji = and using the notation introduced in (|4.1[) , we find the following 
equations for S/i . 

/>oo />oo />y 

<5/i+ = -^/ dl d£ / d^e-^-^-^+^'^-y^qS^ 

2lT Jo J-oo Jo 

i />00 />OC ft 

+ — dl d£ dTe- u ^- x)+u{l+2%kl}y+uj(%kl ' l}{T - t) H^,T,ik I ,l)S<P+ 

2tt J J_ 00 J 

■ pO /.oo /.oo 

+ — / dl dU d7 1 e- u ^- x) - u{l+2%kl}{n - y) qSfi + , ki>0, (4.22) 

^ J — oo J — oo J y 

and 

/•OO /"OO /.oo 

5 f r = — dl d£ dfie-^^-^+^'^^qS/j- 

27T Jo J-oo Jy 

/ dl dU dTe-^-^+^+^^y+^i^-VH^T.ik^^Scf)- 

2?r J_ 00 J^oo J 4 

/>oo py 

dl dt, dr)e- a ^- x) - a{l+2lkl){,1 - y) q8ii-, fcj < 0. (4.23) 

2?r J-00 J-oo Jo 

Evaluating (|4.22[) at t = 0, we have: 

/•oo /.oo /•£/ 

Sn+=—— dl d£ dr]e- u tt-^- a V +2ikl ^-v) qo 5 l j+ 

27r JO J-oo JO 

• M poo <.oo 

+ — / cfi / dU dT 1 e^ a ^- x) - u{l+2lkl ^- v) qoSfi+, (4.24) 

"^ 7r J— oo J-oo Jy 

hence by uniqueness d/i^ = 0. Evaluating (|4.22|) at y = 0, we find: 

-i /.oo />oo />£ 

5(t> + = — dl d£, dTer il ^~ x)+ ^ lkl ' l '> ( - T -^H^,T,ik I ,l)S(j) + 

27r JO J-oo Jo 

pO /*00 /*00 

1 I "I •- I • ,-ti(t-x)-ii(,i+2iki)n n x,.+ 



+ — dl d£ d7 1 e- u ^- x> - U(t+Zlkl) ' n q5fi + . (4.25) 

2?r J-oo J-oo JO 

Then, using the global relation (|3.1[) . we find: 

-| /"OO /"OO ft 

S<t> + = — dl d£ / dTe- il tt- x)+u{ikl ' l)( - T - t) H(Z,T,ik I ,l)8(j) + 

27r JO J-oo JO 

+ — I dl I d£ I dTe- u ^- x)+ ^ lkl ' l){T - t) H(^T,ik I ,l)5(f ) + 



— oo J — oo JO 

OO /"OO 



(fi / df / d?7e- li( «- :r) -^ ( ' +24fcj)r '^ ( ^' Z) *go^o"- ( 4 - 26 ) 

27r Jo J-oo Jo 

Since 5/j,q = 0, uniqueness implies that (50+ = 0. Therefore, the equation (|4.22|) for 
8ji + becomes homogeneous, hence 

S^+(x 1 y,t,k I ) = 0. (4.27) 

Similarly, we can show that 

Sn-(x,y,t,kj) = 0. (4.28) 
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Define the functions A^i and A/^2 by equations (|4.2[) . The following remark is of 
crucial importance to the subsequent derivations. 

Remark 4.1. For kj = 0, the exponentials appearing in equations (|2.2al) - (12.2d[) 
possess purely imaginary exponents, hence the relevant integrals remain bounded 
regardless of the choice of the limits of integration. 

Evaluating equations (|2.2a[) and (|2.2b[) at kj = 0, we have: 

rv 



l'i 



1 



fcj=0 



2tt Jo 



oo poo 



oo JO 



dl I d£ I dT 1 e- a ^- x) -^ l+2kR ^~y ) qii+ 



k I= 



1 



— 2k,R poo 



2W 

2^ J-2k r 
1-0 
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dl 



— oo J t 

I 



I 

2n 



dt / dr e -«tt-*)+aP+2*K)w-H-(*j..0('-*)ir(^ T , k R , l)tf>+ 
d£ f dr e -«tt-»)+«P+2*H)w-H-(* J ..0(r-t) lr ^ j r> fcfl; £ )0 + 

, k R <Q 



-oo v/0 
oo />oo 



fc/=0 



fc/=0 



— oo */ — oo J y 



— J dl J d£ J d7 1 e- U ^- x) -^ l+2kli) ^-y ) q f i+ 



fcj=0 



and 

/'i 



k I= o 2ir J 



oo poo 



-oo Jj 



(8 / f% I d V e~ U ^~ x) - U{l+2kR){r '- y) qtii 



k,=0 



dl 



2tt 



— dl dU d V e 

/7r J-oo J-oo JO 



d£ / dr e-' a ^-^ +a{ - l+2kR ^ + ^ kR ^ T -^ H{£, lT ,k R ,l)(j)- 



-oo J —oo J t 
f oo /> y 



fcj=0 



-iZ(C-x)-ii(i+2/c)(j7-y) 



9Mi 



fer=0 



, fcjj < 0. (4.30) 



Adding and subtracting the following term to equations (|4.29[) and (14.301) . 



1 



— 2k,R /•oo 



dl 



dl 



— oo J t 

I 



2Wo 

2 71 " J-2k R J -oo JO 

they yield the following expressions: 



d£ / dr e -m-*)+iKl+™ R )y+u,{k H ,l){T-t) H ^ Ti k ^ j^- 
d£ / dre- u ^-' B )+«P+2fc B )«+w(fci»,0('--t) fl -^ )Tjjfcflj/ ^- 



fcj=0 



fcj=0 



Mi 



fe 7 =0 



OO /'OO 



2- 

1 

2^ ./_ 2 fej 



2n 

—2kn /*oo 

dl 



1 + — / dZ / d£ / d77 e 



D -i((C-.T)-ii(i+2fc R )(r)-y) 



Wl 



fcr=0 



d£ / dre- li( «- 2;)+4 ' (i+2fcH)y+ " ( ' Cfi ' /)(7 "- t) iJ(e,r,fc i? ,O0r 



-oo JO 

rv 



ki=0 



ki=0 



— I dl I di\ d V e 



oo JO 



-il(Z-x)-il(l+2k R )(Ti-y) 



Qth 



fe f =o 



d£ / dr e- il ^- x)+a{l+2kR)v+u]{ka ^ {T - t) H{tr,k R ,l)(j)^ 



1 r 

o~ / d/ 

2 7r J-oo i-oo Jt fc l= ( 

i f — 1k R poo <-T 

J-/ dl I dU dre- il ^-^+^ l+2k ^ y+ ^ kR ^ T ^H^,T,k R ,l)ri 



2n 



II 



-i />oo />oo />£ 

— / dl dU dTe-^-^+^+^^y+^^^^-^Hit^knJ)^- 

2 71 " J-2k R J -oo JO 



fej=0 
fej=o' 

(4.31) 



fc R < 0. 
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By rearranging the integrals with respect to t appropriately, we can write the last 
three terms on the RHS of (|4.31[) as 



1 

2^ 



dl dU dTe- u ^-^ +tl{l+2k ^y +u,ikR ^ T -^H(^T,k R ,l)^ 



-oo J — oo J 
/-oo r t 



fc/=0 



± / «fl / dU dTe- u ^-^ + ^ l+2k ^y + ^ k ^ l ^-^H^,T,k R j)^ 

2 n J-oo J-oo JO 



k I= 



1 



-2fc^ /*oo 



+ — / eg/ ^ / dre- a ^-^)+«G+2fe H )!/+^(feR,0(r-t) jH -(^ T)fcH) i)^- 

27r Jo J-oo Jo 



fcj=0 



-1 />oo />oo /•£ 

— dl dU dre- il ^'^ +i ^ +2k ^ +u ^^ T -^H(C,r,k R ,l)^ 

2-7T ,/n ./_™ ./n 



oo JO 



fcj=0 

(4.32) 



Furthermore, by employing the global relation (|3.1[) . these terms become: 



-i />0 />oo />T 

— / dl d? dTe- u ^-^ + ^ l+2k ^ y+ ^ kR ' l ^ r -^H(^r,k R ,l)4>l 

2?r J-oo J-oo Jo 
1 /• — 2fe« /-oo /-T 

— / dZ / d£ / dre- u «- x 5+«P+2*H)»+«(fcR,0(T-t) H ^ jrjA;H)/ ^ ; 

2tt Jo J-oo Jo 



fcj=0 



fci=0 



2~7T 



oo /«oo 



— / d/ / d£ / d-ne-^-^-W+^n^-v^qnT 



-oo J — oo J 
/>oo />oo 



fe_r=0 



dl d£ / di] e 

271" J-oo J-oo JO 

oo />oo />oo 

rf! / d£ / dr] e~ 

J-oo JO 
oo />oo />oc 

+ -- / dM d£ / d?7 e 



-il(( t -x)-il(l+2k R )(r]-y)-u}(k R ,l)t 



qofj-i 



I 

2^ 



il(Z-x)-il(l+2k R )(r l -y) 



Qth 



fc 7 =0 



2 71 



: ,-il(£-x)-il(l+2k R )(ri-y)-u,(k R ,l)t 



9o Mi 



'0 J-oo JO 

Hence, we find the following equation for A/zi: 

y oo /> y 



k,=0, t=0 



k x =0,t=0 



(4.33) 



A/*i = -— / dM dM drye-^^-^-'^'+^'^-^qA/i! 



2tt ./o J-oo Jo 

-2fc R /.oo /.T 



i p — ZK R rOG Pi 

— dl d£ I dr e -im-x)+W+*k R )y+u(k R ,l)(T-t) Hfa^k^QAfa 

27r JO J-oo Jt 

1 ^OO ^00 /•£ 

-!- / dl dU dre- i;i «-^ + ^ i+2fc «> y+ "( fc ^ / » T - t ) J ff(e,r,fc i? ,OA0 1 

27r J-2k R J-oo JO 



2~7r 



oo /«oo 



-oo «/ — oo 
oo /*oo 



— / dZ / dM d77e- ii( ^ a:) -" (i+2feB)( ' 7 - J/) 9 A/xi 



-il(£,-x)-il(l+2k R )(ri-y)-ui(k R ,l)t 



dl dU d V e 

Z7T J J-oo JO 

1 p~2kji />oo /*T 



qofj-i 



kj=0,t=0 



dl dU dr e -iKt-x)+W+2k R )y+ u (k R ,l)(T-t) H fa Tj k R ,l)4>- 



-oo JO 
T 



fcr=0 



+ _L/ d i / di I dTe- il ^- x ^^ l+2k ^ v+u ^ l ^ T -^H{i,T,k R ,l)^ 



— OO J — OO JO 

■ /-0 /.oo /.oo 

— / dZ / d£ / dTye 

^ 7r J-oo J-oo Jo 



fcj=0 



-il(( t -x)-il(l+2k R )(r]-y)-uj(k R ,l)t 



?0Ml 



fc r =0. t=0 



(4.34) 
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Let us now introduce the notation 

e 2xt ■= ext(x,y,t,k R ,X) = e -KW* R )x + i\{\+2k R )y+< JJ {k R ,\)t-&ik%.t_ ^^ 

Then, under the change of variables 

k R ^-k R , ki >-+i-, l^l + 2k R + \, AeR (4.36) 

and introducing the notation 

jj,f(x,y,t,k R ,ki) = nj(x,y,t,-k R --,i-), j = l,2, (4.37) 

equation (|2.2a[) takes the following form: 

■ /.OO /.oo r-y 

e* x *ti = e 2xi - f / dl d( dve-W-^-W+^-^q (e 2st /i + ) 

Z7r J -2k R -\ J-oo JO 
i r poo i-T 



2 71 " .1 - 2 k R -\ J-oo 

/•OO /"OC ft 



di dd dTe-^-^+^+^yy+^^-^H^u^i) 

— r dl r d£ f' dre- u ^-^+ u( - l + 2k ^y+^ kR ^ T ^H (e 2 - L=o4>t) 

271" Jo J-oo Jo \ ~ T J 

/•OO /*OC 

dl d£ dr,e- a ^- x) -' ll(l+2kR) ^- y) q (e 2at /tf) , k R < 0, A > -2k R . 



2ir 

■i — oo J y 



(4.38) 



Remark 4.2. Note that the function H, defined by (|2.5[) , remains invariant under 
the change of variables (|4.36[) . 

Rearranging the integrals with respect to I, we have: 

■ /.oo /.oo j-y 

+ = *.„ -A/ W/ / ,V / ,V T1 ,,-«(«-*)-tf('+2**)('7-i/),,f,,., fc+\ 



e2 xt Ht = e 2xt -^-J o dlj <%J drie^-'^WW-v^^K 

i i— 2fcjj /-oo /-T 

__L/ di / ^/ dTe -««- = )+«('+2fc«)!/+"(^.0(r-0 ff f e2 _ |0+ 

27T Jo J-oo Jt V 

+ J_ [ X dl f°° dti f dTe- a ^-^ +a{l+2k ^ + ^ kR - l ^ T -^H (e 2 - L =0 ^ 

271" J-2fc R J-oo Jo V 

(S / dt d V e- a ^-^-^ l+2k ^>-^q(e 2Ht il+), 



2ir 

•' — oo •/ — oo ^y 
• /-0 /-oo /.y 

-^ / cfl / dU d V e- U ^-^-^ l+2k ^-^q(e 2 ^fl+) 

27!" J - 2 k R -\ J-oo Jo 
coo f T 



efi/ de/ dre-^«- a; )+ 4 '( i + 2fc «)^+"(' £ «'')( r - t )ij(e2 ET k=o^) 
d£ /" dr e -a«-*)+«P+2*«)»+«-(fci i ,0(r-t) H ^ \ v=0 4>+^ 



^ J -2k R -\ J-oo Jt 

o~ / dZ 

271" Jo J-oo JO 

— 2fcft — A />oo />oo 

-«(e-x)-iK'+2feij)(J7-J/) 



2tT ,/o J-oo Jy 



dl J d^ J ^ e -««-^-«l'+«*JW-w g (e 2st /i+) , fefl < 0, A > -2fe R . 

(4.39) 
Furthermore, employing the global relation (|3.1[) in the last four terms on the RHS 



1G 



of the above expression, we find: 



OO />00 



-a{£-x)-u{i+2k R ){-n-v) . 



n 



e 2xt H = e 2xt - - , dl j dU dT1 e-^-^-^^nm-y) q ( e2at/ii +) 

J-oo JO 
i r -2k R poo 

2^ 

1 
2^ 

i 

2^ 



di dU dTe-^-^+^+^^y+^^-^-^H^u^i) 

dl r dd t dre' a ^-^ +a{l+2k ^y + ^ kR - l ^-^H (e 2s J„ =0 <fr) 



■2k# J — oo JO 
poo poo 



dl J di l d7 ] e- u ^-^-^ l+2k ^-y^q(e 2st il+) 



— oo J — oo J y 

2k R -\ 

j^ ilx+il{l+2kn)y—u)(k.R,l)t 

-2k r 



pt(~k R -X,l + 2k R + X)+ r+(-k R -X,l + 2k R + A) 



/ dle tlx+ll{l+2kR)y -^ kR ' l)t pt{-k R -\ 7 l + 2k B , + \), k R <0,X>-2k R , 

Jo 

(4.40) 



where the functions pf and rf arc defined as follows: 

r'-l' 



vi 



(k,l):=— dd dre- il ^^ k ^H(i,T,k,l)<f>t, 

2n J-oo JO 



rf(k,l) 



2jt 



OO /"OO 



di I d V e-^- u( - l+2k ^q of i+ 



t=o 



(4.41a) 

(4.41b) 



'-oo JO 

The change of variables (|4.36[) applied on equation (|2.2d|) yields: 



e 2xtM2 — e 2xt 



2- 



dl I di I d7 1 e- l ^-^- u{l+2kR ^-y^q(e 2Bt il+) 



-2k R -X J-oo JO 

OO ft 



+ _L / d i di dTe- a ^-^ +u{l+2kR ^ + ^ kR - l ^ T -^H(e 2 - \ v=0 fc) 

2n l_ou„_\ 7 ^ ./n V / 



i 

2^ 



2k R — A J —oo JO 
2kff—\ poo /*oo 

dl / d£ / d^e- u «-^- u ( ,+a **^"-^'" 

— oo J —oo Jy 



Q fast fit) ' fc fl < °; A < -2fo 



(4.42) 



As in the case of jl^, rearranging the integrals with respect to I yields: 



OO pOO 



oo JO 



~2^J dl l ^1- dne- im - x) - il{l+2kR){r, - v) lfa^i) 



1 

2^ 
1 

2^ 

i 

2^ 



-2kn /"oo 



-2k f 




dl di dre- a ^-^ + ^ l+2k ^ + ^ kR - l ^ T -^H(e 2 ^\ v= oU) 



oo JO 

OO /"OO 



dl / dC/ d77e- H «- !C )- ii ( /+2fcR »''-») 9 (e 2at /i+) 



— oo J — oo J y 

p — 2kfj — X />oo />oo 

± di di d ve ~^-^-^ l+2kR ^-ykfa^t) 

2 71 " Jo J-oo Jo 

1 r~2k R /-oo /.T 

— / dl di dTe -m-*)+iiU+™ R )y+^BMT-t) H ( e ^ \ <},+ ) 

2^ J-2k n -X J-oo Jo \ ~ T J 

j-oo pT 

dll di dre-^- >+u ^ +2kR)y+UJ{kR ^ )l - T - t) H{e 2 ^\ n=() (t>+) , k R <0,X<-2k T 



1 

2^ 



-2fe K -A 



i (£_ a; )+«(* +2fcii ) !/+w ( fciil i)( T -t) iJ / ^ 1^^+) , fc fl < 0, A 

(4.43) 
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Using the global relation (|3.1[) we find the following equation for jj,^ 



Zn 



OO pOO 



dl j d£ I d V e~ U ^^~^ l+2k ^-y^q(e 2Bt fl+) 



2Wo 



—2kji poo 



dl dd dre-' ;i «- a; ) + ^ i+2fc «> y+ "^' / ^ T - t )ij(e 2H J ?7= o^) 



2- 
i 

2^ 



+ _L / d i dd dTe- a{ ^ x ^^ l+2k ^ + ^ kR ^ T ^H(e 2 - L=oU) 

2n 7_ot„ V_~, 7n \ T / 



— 2k R J —oo JO 
/>oo />00 

^ / ^ / drf e 



-il(Z-x)-il(l+2k R )(r,-y) 



Q (eaatMa") 



— oo •/ — oo */ y 
—2kn 



+ / dZ e ifa + i K«+2fei i )y-a;(fe R ,0t p +(_ feiJ _ Aj j + 2k R + A) 



-2fc„-A 



where the functions pt and r, are defined as follows: 



dl e ilx+ti{l+2k R )y-u:(k R ,l)t r +(_ kR ^\,l + 2k R + A), k R < 0, A < -2k R , 

(4.44) 

(4.45a) 
(4.45b) 



P2"(*, = 5-/ # / «*r e^"^'^ (£, r, fc, Z)0+ 

^^ J-oo JO 



r+(kj) 



i 

2^ 



oo JO 
oo />oo 



d£ / *7e-«- a «+ 2fc No/4 



4=0 



'-oo JO 

The above equations imply the following result: 

Proposition 4.2. TTie solution A/ii o/ equation (|4.34[) is given by 

p — 2k R /"oo 

Afxi(x,y,t, k R ) = / d\xi{k Rl \)(e 2xt f4) + j dXxi{kR, A) (e 2xt Mi~) 



-oo 
-2/cb 



2/,- j 



+ / ^Ax3(fci?,A) (e 2xt M2") , fc fi < 0, 



(4.46) 



provided that the functions Xji 3 = 1)2,3, satisfy the following linear Volterra 
integral equations: 

Xi(k R ,X) + I dlxi{kR,l)r+{-k R -l,l-X) = -r^{k R: -\-2k R ), k R <0, A < -2k R , 

J —OO 

(4.47a) 



Xa(fcfl,A)- / dl X 2(k R ,l)[pt(-k R -l,l-X)+rt(-k R -l,l-X)] 



p7 (k R , -A - 2k R ) + rf (fe R , -A - 2fc«), fc fl < 0, A > -2**, 



(4.47b) 



-2fct 



X3(fcfl,A)+ / dlx3{kR,l)pt(-k R ~l,l- A) 



A /•- 2fcj 



+ / dl X 3(kR,l)r+{-k R -l,l-X)+ dl X i(k R ,l)pJ(-k R -l,l-X) 

JO J -oo 

/oo 
dl X 2(k R J) P +{-k R -l,l-X) = -Pi(k R , -X - 2k R ) 1 k R <0, < A < -2fe R , 
-2/sr 

(4.47c) 



IcS 



where the functions pj and r~~, j — 1,2, are defined by: 



3 J 



i r f 

Pf( k > l )--=2^J d tJ dTe- a ^ k > l ^H(l;,T,k,l)<t>f, (4. 

(4.48b) 



rf{k,l) 



i 

2^ 



OO />00 



-oo JO 



d£ I d V e-^-^ l+2k ^q nf 



t=o 



Proof. Employing equations (|4.40[) and (|4.44j) . we notice that the equation (j4.46[) 
for Si is precisely the equation (|4.34j) for A^ii as long as the functions Xji j — 1> 2, 3, 
are chosen so that the forcing terms of the two equations match. The forcing term 
of (|4.46p is equal to 



-2kr. 



dXx\{k R ,X) 



p 2> 



-2kr. 



, + / dl(? lx+a{l+2kR)y -^ kR ' l)t p+{-k R -X,l + 2k R + A) 



-'2kft — A 



+ / d l e ilx+iKl+2k R )y- U (k R ,l)t r +(_ kR _ X J + 2k R + A) 

JO 



+ I d\ X 2(k Rl X) 

-2k R 



f '2. 



-2kr- 



-'2kft — A 



77 ilx-\-il{l-\-2k R )y—uj(k R ,l)t 



t + dl e il*+iKl+2k R )y-w(k H ,l)t p +(_ kR _ X J + 2k R + A) 



pf(-k R -X,l + 2k R + X) + rf(-k R -X,l + 2k R + A) 



-2k f 



+ / d\ X3 (k Rl \) 



e 2 . 



-2k r 



2k R -X 



+ 



r-ZKR 

J() 



t + dl jlx+iKl+1k R )y-w{k R ,l)t p +^_ kR ^XJ + 2k R + A) 



(4.49) 



dle ilx+il(l+2k R )y- U (k R ,l)t r +(_ kR _XJ + 2k R + A) 



In fact, interchanging the order of integration between A and I the forcing becomes 

-2k R />~2k R r — 2k R 

dX Xi (k R , A)e 2xt + / dl E xt / d\ xi (k R , A) p+(-k R -X,l + 2k R + A) 



dlE X t 



o 



-2kR — / 



dX Xi{k Rl X) r+{-k R -X,l + 2k R + A) 



-2k r 



+ dX X 2{k Rl X)e 2xt + dlExt dX X i{k R , X)pf(-k R - X,l + 2k R + A) 

J -2k R JO J-2k R 

/0 />oo 

dl E xt / dX X 2{k Rl A) [pf(-k R -X,l + 2k R + A) + r+(-k R -XJ + 2k R + A)] 

-oo J— 2k R — I 

r — 2kji p — 2kR p~2ku, 

+ dX X3 (k R ,X)e2 xt + dlExt dXxa{k R ,X)pt{-k R -X,l + 2k R + X) 

Jo Jo Jo 

p — 2k R p — 2k R —l 

+ dlExt dX X 3(k R ,X)r+(-k R -X,l + 2k R + X), (4.50) 

Jo Jo 

where the notation Ext stands for the exponential 

E xt (x, y, t, k R , I) := e i^+iKl+2k R )y-uj(k R ,l)t^ ( 4 51 ) 

The definition (|4.35[) of e2 xt implies: 

Ext(x,y,t,k R ,l) = e 2xt (x,y,t,k R ,-2k R -l), (4.52) 
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thus, letting Z 1-4 — 2k R — Z in (|4.50p yields the final expression for the forcing of 
flOg) as 



-2k R [—2k R 

dlxi(k R ,l)e 2xt + / dle 2> 

x> JO 

-2fc» 



-2fcn 



dXxi{k R ,X)p%(-k R -X,X-l) 



+ I dle 2xt I dXxi(kR,X)rj(-kR-X,\-l) 

r— 2fcjj /-oo 

+ / dlx2{kR,l)e 2xt + dle 2xt dXx 2 {k R , X)pf(-kR - X, A - Z) 

-2/cr JO J -2k R 



dle 2xt J dXx2{k R ,X) [pt(-k R - X, A- Z) + r 1 f (-fc, R - A, X - I)] 

dl e 2 



2k R Jl 

-2k R i— 2k R r -2k 



+ / dlx3(kR,l)e 2xt ■ 

Jo 

p ~ ~ 2 k r pi 

+ / dle 2xt I dXxz{kR,X)r+(~k R - A, A - I). 

Jo Jo 



dXx3(k R ,X)pj(-k R - A, A-Z) 
o 



(4.53) 



On the other hand, under the transformation I \— > —2k R — I the forcing of equation 
(|4.34|) becomes 



2k 2 



-2k t 



dl e 2xt p x (k R , -2k R -I)- dl e 2xt r t (k R , -2k R - I) 



-2k L 



dle 2xt p 1 (k R ,-2k R -l)+ dle 2xt r 1 (k R ,-2k R -l), (4.54) 



-2fer 



where p^ and r^ are defined by equations (|4.48ap and (|4.48b|) respectively. 

Therefore, equating the two forcing terms, namely (|4.53[) and (|4.54|) . we obtain 
the equations (|4.47p for Xj> J ' — 1, 2, 3. D 



Regarding the analogous expression for /S.[i 2 , we evaluate equations (|2.2cl) and 
(|2.2d[) at ki — and then subtract them to obtain the equation: 



i 

2~TT 



OO /"CO 



Aju 2 = — - / dl I d£ I dr]e- ll ^- x) - u{l+2kR){r] - y) qAfi2 



J~oo JO 

OO pQO ft 



1 />CO />OC />I 

— / dl d£ I dTe-^-^+^+^^y+^^^-^Hi^^k^^A^ 

2tt Jo J-oo Jo 



t 
2^ 



OO /-OO 

dl I dt; dr\e 



-il(i-x)-il(l+2k R )( V -y) 



?A/x 2 



2ttJ 



— oo J — oo J y 

oo /*oo 



- — / dl d£, dine 



^-il(£,-x)-il{l+2k R ){r,-y)-ui{k R ,l)t 



Qth 



oo JO 

OO />0O />£ 



fc/=0 



— / dl 

2tt jo J-oo jo 



di \ dT e -«tt-*)+*I(I+2fc B )w+a,(fcj,,0(r-t) H(£,T,k R ,l)fe 

Jo 

2k R /-oo /-T 



fc/=0 



-i p—ZK R pOO pi 

+ — J dl J d$ J dre~ li( «- 2;)+4 ' (i+2fc « )! ' + " (fc «^ (T ^ t) iJ(e,T,fc fl ,Z) ( /)2 



2tt 



2~7T 



-oo 





-2fej 




dl 



ki=0 



d£ / dre- i;K - a:)+a( ' +2feH)! ' +a,(feR ^ ) ( 7 '- t) if(e,r,A:H,Z)02 



-oo JO 
oo /.oo 



fcj=0 



— oo J — oo JO 



— / dZ / d£ I dr)e- il ^-^- il ^ +2kR ^ r '-^- u( - kR ^ t q l U2 



fcj=0 



fci?>0. 

(4.55) 
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With the help of the global relation (|3.1[) , we can modify the forcing so that the 
above equation now becomes: 

■ /.oo /.oo i-y 

A M2 = -i-/ dl d£ / dr,er ll ^~^-^ l+2k ^-y\A^ 2 



2^ Jo 



-oo ^0 

CXD /*oo />£ 



1 /"OO /"00 /*C 

+ — I dl I d£ / dTe- a ^- x)+ ^ l+2kR)y+ul{kRMT - t) H(C,T,k R ,l)A(t) 2 



i 

2tt 



J-oo JO 

/>oo />oo 



— / <8 / d£ / dije-^-z'l-^+^^-ylqA^ 



-il(£-x)-il(l+2k R )(r]-y)-Lj(k R ,l)t 



- oo J ~oo J y 

OO /'OO /*oo 



*/„ */_«/, d " e 



<?0^2 



fcj=0, t=0 



— 2k R /*oo /*T 

(8/ d£ / dTe- u «-*)+ u ( , + 2fc *)»+"( fc H.0(T-t)jy(f jrjAB) j) ( ^ 

— OO J —OO J(S 

/*oo /•oo 



2tt 



— / tB / de / dr,e 

Z7r J-oo J-oo JO 



fc/=0 



-il(£-x)-il(l+2k R )(r)-y)-u}(k R ,l)t 



90 M 2 



fcr=0, t=0 



, k R > 0. 



(4.56) 

Furthermore, in the case of k R > 0, employing the global relation p. II) in equations 
(|4.38[) and (|4.42[) and rearranging, we find the following expressions for jx* and jj, 2 - 



-,+ 



/ 



OO pOQ 



U 



-il(i-x)-il(l+2k R )(n-y). 



e 2xti x{ = e 2xt - — I dl I dU df/e- M «-*J-«l™>w-v)g (e 2at/ &+) 
2t Jo J-oo Jo 

1 



+ _L / ^ / ^ / dr e -««-*)+«P+2*H)tf+<-(k*,Q(r-t) H (£ r , fcfi; i) ( 62aT (r;=o 0+) 



pOO /"OO 

d; 

2tt Jo J-oo Jo 

/•0 />oo />oo 

2~7r 



— / dZ / d£ / d77e- l ' (? - a:) - i ' (i+2fcii)(, '- 2 ' ) ( ? (e2 Efy U] F ) 



oo ./ — oo </ y 
2/cr— A 



(ae il»+»l('+2**)»-'«'(*«.0* [p+(— fcjj - X,l + 2k R + A) + r+(-£^ - A, J + 2k R + A)] 

fcfl > 0, A > -2k R , (4.57) 



and 



OO /"OO 



e 2xt M2 = e 2xt - 7T- / <# / d£ drje 



,-il{£-x)-il(l+2k R )(r ] -y) 



2tt Jo J-oo Jo 

-i />oo />oo /•£ 

— / dZ / d£ I dre 

2tt Jo 7_ lDO Jo 



q (e 2Ht ^2 



K-x)-HlCJ+2fc*)»+«(fc«,0(r-*) fr ^ ) Tj fefl> j) (^ | r;=o 0+^) 



/ 

2^ 



OO /"OO 



di / d£/ drye^-^-^ 2 ^^^^) 

— oo J — oo Jy 
-2fe H -A 

d/ e «x+«a+2*«)»-w(JfeR,0V+(-jfe JJ - A, Z + 2fc fl + A), k R > 0, A < -2fc fl . 

(4.58) 



where the functions pf , rj*" and r£ are defined by equations (|4.48a[) and (|4.48bl) . 

The above equations imply the following result: 
Proposition 4.3. The solution A/12 of equation (|4.55|) is given by 



Afj, 2 (x,y,t,k R ) 



-'2 k f 



d\ipi{k R ,\) (e 2xt flt) + / d\ip2(k R ,\) (e 2xt fj't) 

-2kn 



+ dXip 3 (k R ,X) (e 2xt frt) 1 k R >0,, 

J-2k R 



(4.59) 
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provided that the functions ipj, j = 1,2,3, satisfy the following linear Volterra 
integral eguations: 

ipi(Je R ,X)+ dlipi(k R ,l)rZ(-k R -l,l-\) = -r2(kR,-\-2k R ), k R >0, X<-2k R , 

J — oo 

(4.60a) 

/•OO 

Mk R ,X)- I dlMkR,l)[pf(-k R -l,l- A) +rt(-k R -l t l - A)] = 
= p-(k R ,l-X) + r-(k R ,-X-2k R ), k R > 0, A > -2k R , (4.60b) 

^{k R , A) - / dl MkR, I) [?t(-k R -l,l-X) + rf(-k R -Ll-X)] = 
= -P2(k R ,-X-2k R ), k R > 0, -2k R < X < 0, . (4.60c) 

where the functions pj and r~~, j — 1,2, are defined by eguations (|4.48ap and 
(I4.48b[) respectively. 

Proof. The forcing terms of 1S2 are equal to 

-2k R p— 2k R p — 2k R — X 

dXi(j 1 (k R ,X)e 2xt + dXij;i(k R ,X) dlE xt rt{-k R -X,l + 2k R + X) 



dXi/j 2 (k R ,X)e 2xt 

-2k R 

/oo p — 2kpt — A 

dXMk R ,X) / dlE xt [p+(-k R -X,l + 2k R + X)+rt(-k R -X,l + 2k R + X)] 

-2k R JO 

+ / dXip 3 (k R ,X)e 2xt 

J-2k R 

/0 M 

dXMk R ,X) / dlExt [pt(-k R -X,l + 2k R + X) + r+(-k R -X,l + 2k R + X)], 
-2k R J-2k R 

(4.61) 

where e 2xt and Ext are defined by equations (|4.13[) and (|4.51|) respectively. More- 
over, interchanging the order of integration between A and /, the forcing becomes 

-2k R |>oo /> — 2k R — I 

dX V'i (k R> X) e 2xt + dl E xt / dX fa (k R> X)r+{-k R -X,l + 2k R + A) 

x) JO JO 

dXfa(k R ,X)e 2xt 

2k R 

/0 />oo 

dlExt / dX fa{k R , A) [pt(-k R -X,l + 2k R + A) + r+(-k R -XJ + 2k R + A)] 

+ / dXfa(k R ,X)e 2xt 

J -2k R 

fO r-2k n -l 

dlExt / dXfa(k R ,X)[p+(-k R -X,l + 2k R + X)+r+(-k R -X,l + 2k R + X)], k R >0. 

-2k R Jo 

(4.62) 
Under the change of variables I h- > —2k R — l in the integrals involving Ext, equation 
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(I4.62J) takes the following form: 



dlipi(k R J)e 2xt -\- / dle 2xt \ d\tp 1 (k R , A)r^"(-fci ? , - A, A - I) 

J — oo J — oo 

oo 

dlip2(kR,l)e2 xt 

-2k R 

oo />oo 

^e 2xt / dXip 2 (k R ,X) [pf(-k R -X,X-l) + r+{-k R -X,X-l)] 

-2k R Jl 



-2fc« 

o <•; 

dle 2xt dXip 3 (k R ,X)[pt{-k R -X 1 X-l)+r+{-k R -X 1 X-l)], k R >0. 

-2k R JO 

(4.63) 

Furthermore, under the change of variables I <— > —2k R — I and with the aid of the 
definitions (|4.48[) . the forcing of equation (|4.56[) is equal to: 



/U p — ZKR 

dle 2xt P 2 {k R ,-2k R , - /) - / dle 2xt r^(k R ,~2k R -l) 

-2kn J —oo 

/oo 
dle 2xt [ P2 -(k R , -2k R - /) + r-(k R , -2k R - I)] . (4.64) 

-2k R 

For equations (|4.56p and ()4.59p to be identical, their forcing terms (|4.63|) and <|4.64[) 
must be equal, therefore, we define the functions ipj, j = 1, 2, 3, via equations (|4.60[) . 
In this case, uniqueness implies that Ap 2 — S 2 . D 

4.1 The spectral functions 

We will now define the map 

{Qo{x,y), g(x,t), h(x,t)} ^ {f^(k R ,k I )J 2 ~(k R ,k I ),x 3 (k R ,X),tpj(k R ,X)}, j = 1,2,3, 

(4.65) 

from the initial condition qo and the boundary values g and h to the spectral 
functions that are defined by equations (|4~6a|) . (|4.6bj) . (|4~4T|l and ([4760]) . 

1. {? ,ff,/i}H-»- {pf(x,y,k R ,ki), (j>f(x,t,k R ,ki)}, j = l,2. 

The functions p- are defined in terms of {<7o><?>M & n d </> 7 - via the following 
linear integral equations: 

■ poo r oo j-y 

p+ = l--L d l dU dr,e- il ^-^- a( - l+2k ^^q pt 

27r Jo J-oo Jo 

-i p — 2 k R poo pT 

-± dl di dTe -«tt-«)-HI(l+2fc)»-H-(fc,0r_ H r^+ 

2tt Jo J-oo Jo 

• /.O poo /.oo 

-^ J —oo J —oo J y 

(4.66a) 
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/•OO /«oo 



P 7=l + — / dl I di drje-^-^-W+^^-^qoPl 

2tt Jo J -oo Jy 

i pO poo pT 

— dl dU d 7 . e -««-»)-HJ(i+afc)w+w(fc,i)r_ ff ^- 

27T J-oo J-oo Jo 
■ /.0 /-oo r-y 

± dl dd A ? e-* , «-«)-«(«+3fc)(^-y)g bpr) fcfl < o, fc/ < 0, 

^ J-oo J-oo JO 

(4.66b) 



pOO /-00 /«OC 

^ JO J-oo Jy 

i />0 poo /*T 

_J_/ dZ / ^/ dTe -^-x)+*Ki+2k)y+^k,i)T H(j) - 

• pO poo py 

_ _L / dj / # / ^ e -«(^)-«('+^)(^) gop -, fc fl > 0, fc 7 < 0, 

/!7r J-oo J-oo JO 

(4.66c) 



P + = i-— I dl J d£ F d V e- u ^- x) - u v +2k ^-y) qoP + 

•J U «/ — OO i/ U 

■ r /.oo /.oo 

+ -L / dj / df / dne-W-'t-W+Wi-rigopt, k R > 0, fc 7 > 0. 

-^ J —oo J — oo Jy 

(4.66d) 

Evaluating equations (|2.2a|) - (|2.2d|) at y = 0, we obtain the following integral 
equations for <f>- in terms of q, g and /i: 

i l— 2fefi /-oo /.T 

0+ = l--L/ d/ / df / d T e-* , «-«)+«(fc.0(T-t)^+ 

27T Jo J-oo Jt 

+ _L/ dj / dZ dTe- a ^-*)+^ k Mr-t) H4> + 

2lT J_2fe R J-oo Jo 
■ r /-oo /.oo 

+ J_/ efi/ de/ drje-^-^-W+^qvt, k R < 0, fej > 0, 

2 71 " J-oo J-oo Jo 

(4.67a) 



/•CXD /-OO /-OO 

67/ = 1 + ^ / efi / d£ / ^e-^^-^-^^+^^g/xr 
2t Jo J-oo Jo 



— / <fl / d£ / dre-^-^+^'^-^H^, k R < 0, kj < 0, 

2 71 " J-oo J-oo Jt 

(4.67b) 



/•OO /-OO pOO 

% = l + ±j dlj d^j^ dne-^-^-W+^q^ 

/-oo /-T 



i /»U POO pi 

j-\ dl I d^ I dTe- U ^-*)+^ k Mr-t) H ^ 2 



-oo J —oo J t 
/.oo /.* 



— / dZ / di I dTe-^-^+^V^-^Hcj)-, k R >0, ki<0, 

2 71 " J-2k n J-oo Jo 

(4.67c) 
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and 

2tt Jo J-oo Jo 

/0 ^OO ^OO 

dl dU dTje-^-^-^+^^q^, k R >0, fcj>0, 

-oo J-oo JO 

(4.67d) 



with iJ defined by equation (|2.5|) . 

We must eliminate g and //^ from the above expressions. Since the global 
relation (|3.1|) . is valid only for Rew(fc, /) > 0, we will employ its alternative 
form (|3.2p . which is valid in the case of Keuj(k,l) < 0, i.e. for Ikj < and 
lki(l + 2k R ) < 0: 



OO /"OO 



d£ / *? e -^-^ i+2fc )"g(C, V, t)KZ, V: t, k R , ki) 
Jo 

i dU dTe-^ + ^ k ^ T -^H(^T,k,l)^,T,k R ,kj) 



— OO J t 

OO /"GO 



oo JO 

The unknown g(x, y, T) can be eliminated by taking the limit T — > oo, so that 
the RHS of the above equation vanishes due to exponential decay. 

following integral equations: 



Hence, the functions </>■ can be defined in terms of q$, 5i h and /?■ via the 



-t p — ZKR /"OO />00 

+ = 1-— / di / # / dr e -^«-' T )+"(")^ t )i7 ( /)+ 

2?r JO J-oo Jt 

i /*oo ^OC /*t 

+ ± / di / ^ / dre-^-H"^')^-^! 

271" J-2fc« J-oo JO 



(-oo ^t 



i- / dl I d£ I dTe- a ^-^ + ^ k ^ T -^H4>+ 



oo J — oo */ 
/>oo /*oo 



■ /.U /-00 /-OO 

^ / dZ / d£ / df ] e-^-^-^ l+2k ^-^ k ^ t q pt, k R < 0, fej > 0, 

2 71 " J-oo J-oo JO 

(4.68a) 



■> — 2kR /'oo 



i p — ZfiR PCO ft 

i- = 1 + -L / dZ / d£ / dre- i '«- a: )+"^- t )^+ 

2^ Jo 7_oo Jo 

1 /.oo /.oo /*oo 

± dl dU dTe-^-*)+^-t)H<j>i 

2 71 " J-2k R J-oo Jt 



2tt„ 

r*0 /.oo poo 



1 />U /"OO /"OO 

— I dl I de / dre- i ' ( «-^ + "( fc ^( T - t ^0- 



— oo J — oo </£ 



■ p — 2kR ^00 ^oo 

^- / dZ / dU dve-^-^W+^i-^tqop-, k R <0,k T <0, 

2tt Jo J-oo Jo 

(4.68b) 
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2Wo 



oc ^00 

dl 



d£, / dre-^-^+^^-^Hfe 



2jt 



dl d£ I dre-^-^+^'^-^Hfe 



i rO /*00 rt 

— dl d£ / dTe- il ^- x ^ +u(k ' l ^ T -^H(j)2, k R > 0, ki < 0, 

2 71 " J-2k R J-oo Ja 

(4.68c) 



and 



oc /-oo 



** = l + 2^ ' 



1 

2^ 



J-oo JO 

2kfi /*oo rt 

dl dU dTer a ^-*)+^ k ^-t) H ^+ 

— oc J —oc Jo 



i pO poo />oo 

2 71 " J-2kn J-oo Jt 



I 

2^ 



d£ / drie- il ti- x )- il (.i+2k)v qop + j kR > 0, fc 7 > 0. 

(4.68d) 



2. {<?O,S,Mi",02~W{/l + :/ 2 ~}, 

where the functions /-j*" and /£" are defined by: 

i-T 



1 Z" 00 /" 



(4.69a) 



f2(k R ,k I ) = —j dtj dre 2 ^ + ^- 2k ^H(^r,k,~2k R )^. 

(4.69b) 



3. {q ,g,h,<l>f, pf} H. {pf , rf }, j = 1,2, 



3 ±and. 



where the functions p ■ and r ■ arc given by: 



1 /" /" 

pf(k,l) = — dU dre-^+^^H^f 

Z7T J-oo Ja 



rf(k,l) = —l d£ j dr,e 



-co JO 



-Ui-U(l+2k) V + 



t=0 



3 = 1,2, (4.70a) 
j = l,2. (4.70b) 



4. {pf ,rf , j = 1,2} H- te^i, j = 1,2,3}, 

where the functions Xj and ^ are defined via the following Volterra integral 
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equations: 

-A 



Xi(k R ,X)+ dl X i(k R J)r+(-k R -lJ- X) = -r^(k R ,-X-2k R ), k R <0, X < -2k R , 

J — oo 

(4.71a) 
dl X 2(k R , I) [ P t(-k R -l,l-X)+ r+(-k R -l,l-\)} = 
= pj(k R ,-X-2k R ) + rl(k R ,-X-2k R ), k R < 0, A > -2k R , (4.71b) 



X3(k R ,X)+ / dlxz{k R ,l)pt{-k R -l,l-X) 

Jo 

r-A r-2kr, 



+ / dl X 3(k R J)r+{-k R -l,l-X)+ dlxi(k R ,l)pt(-k R -l,l-X) 

JQ J -oo 

/OO 
dlx2(k R ,l)pt(-k R -l,l-X) = -p^(k R ,-X-2k R ), fc fl <0, 0<A<-2/c fl , 

(4.71c) 
and 

^i(fc fl ,A)+ / dlipi(k R ,l)r^(-k R -l,l-X) = -r2{k R ,-X-2k R ), k R >0, X<-2k R , 

J —oo 

(4.72a) 

/•OO 

Mk R ,X)- J dlMkR,l)[pf(-k R -l,l- X) + r+(-k R -l,l - X)] = 
= p^{k R ,-X-2k R ) + r^{k R ,-X-2k R ), k R > 0, A > -2fc fl , (4.72b) 

Mk R ,X)~ I dlMknJ) [pt(-k R - 1,1 - X) + r+(-k R - 11 - X)] = 
= -Pzikn, -X - 2k R ), k R > 0, -2fc K < A < 0. (4.72c) 

Remark 4.3. Note that, since we need to take T — > oo in order to define the 
functions Pj,4>j, j = 1,2, of mapping 1, every function involved in the mappings 
2-4 should be defined under the limit T — > oo. 

Proposition 4.4. The solution q(x,y,t) to the initial-boundary value problem for 
the KPI equation (jl.3p admits the following integral representation: 
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ITT 



II 



ii'n 



— q= I dv R I dviili-L{v,-2ivi)[e\ xt {x,y,t,v R ,vi)fi^{x,y,t,-v Ri vj) 

^ •' — oo J— ioo V , 



+ / cIvr I dvi^2{v,-2iv I )\ei xt {x,y,t,v R ,vi)ii 1 (x,y,t 1 -v Rl vi) 



(i 



+ / dv R \ dv I tJj3(is,~2iv I )[ei xt (x,y,t,v R ,vi)n%(x,y,t,-v R ,isi) 



rioo I i 

di^u / di/7Xi(^>-2«V/)( ei xt (x,y,t,u R , v I )n^{x,y,t, -vr,vi) 

-oo Jii/ H V ) 



/>?oo 

dv R 

— OO JtVR 



dvi X2(v, -2iui) e lxt (x, y, t, u R , ^)/x+(ic, y, t, -^ fl , ^/) 



/"° / 

di^i? / dvixa{v,-2ivi)\ ex xt {x,y,t,v R ,v I )n^(x,y,t,-v R ,v I ) 

-oo Jii/R \ > 



di/ii / dvijl{v R ,v u T)\e lxt {x,y 1 t,v Rl vi)p^{x 1 y,t 1 -v R ,vi) 
oo Jo \ , 



/■oo f® I 

\ dv R I dvj f^(v Rl V!,T) \e lxt {x,y,t, v R ,vi)[i{ (x,y,t,-v R ,vi) 

JO J -oo \ 



(4.73) 



where 

e lxt (X, V , t, k R , kl) = e -^ R x+4k R k iy -u:(k,-2k R )t ^ 

and the functions f^, / 2 ~, Xj an d i>j> J = 1)2,3, are defined via equations (|4.6[) . 
(|4~7T1) and (14J21) . 

Proof. Substituting in the Pompeiu's formula (|4.3p the expressions for the d-bar 
derivatives <9ti ■ /dk, j = 1, 2, (see proposition l4.ip and for the jumps A/j,j, j = 1, 2, 
(see propositions 14.21 and I4.3[) . we obtain the following representation for ii: 



M = l 



1 



dv R 



-2v R 



d\il) 1 (v R ,X)e2 xt f4 



2iir Jo v r ~~ k 



+ 1 dXi' 2 (v R ,X)e 2xt fli + d\ip 3 (v R ,\)e 2xt fl2 

-2vr J— 2vr 



i 



dv R 



2m J_ 00 v R - k 



-2u R 



d\xi{vRA)e2 xt fit 



d\x2{vRA)e2 xt JH + / d\x3(vR,X)e2 xt iJ-2 

-2v R JO 



-2v R 



dv R 



oo JO 



3 dvj_ 

v — k 



r.+ 



f{{vR,vi,T)e lxt fil 



-^--^h {v R ,v u T)e lxt li x 



(4.74) 



where p,j, e 2xt and p,j are defined by equations f|4.9[) . (|4.35|) and (J4.37I) . 
The change of variables 



A 



A 



v R + - = v R , 2 = ^ J ' 



(4.75) 



2N 



in the integrals with respect to (vr. A) on the RHS of the above expression implies 
that 

e2 xt {x,y,t,v R ,\) i-» ext{x,y,t,i>R -z>j,2z>/) := e 3xt , (4.76) 

where ext is defined by (|4.12[) . hence (see also figures [4721 and |4~3)) , 

X i>i 

' vi = v R 




X = -1v R 






"it 



Vr 



U = -2v R 



i'i 



l/j = vr 



VR 



Figure 4.2: The change of variables (|4.75|) for ipj, j = 1, 2, 3. 



Vr 



N A = -2u R 



vi 



Vi = Vr 



I'll 



I'll 



U = -2v E 



vi 



VI = Vr 



I'll 



Figure 4.3: The change of variables (J4.75P for Xj, 3 = 1,2,3. 
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l-i = l + — dv R / -ty\{v R -vi,'lvi)e.z xt \xJ{x,y,t,-VR,ivi) 



IK J-oo J-ozVR-Vl-k 



OO 



m Jo J-oo vr-vj- k 



rf^fl / : rip3{i>R-t'i,2i) I )e 3xt iJ^{x,y,t,-i'R,ii'i) 

m JO J-oo VR-Vl-K 

1 f° JA f°° di>i , A A nA , + 



di>R / ; r xi(j>R-i>i,2Pi)e3 xt iJ,2(x,y,t,-i>R,ii>i) 

i r°° IA z 100 di>/ ,.„„„, . , . .„ . 

— / dv R \ -x2(yR-vi,2vi)e3 xt lH{x,y,t,-v R ,iu I ) 

m Jo J o R v R -vi -k 

1 f° ,. f° dvi . „. » +/ . .. , 

— / a^i? / : T xz{yR-u I ,2v I )e 3xt ni{x,y,t,-VR,ivi) 

r r oo 



-/ dv R t J{{vR,vi,T)e lxt iq 

K J-oo JO V — K 



/ dv R I I —f 2 {v Rl v Il T)e lxt Ji 1 . (4.77) 

n Jo J-oo V — K 

Furthermore, letting vi = ivi and then dropping the hat and the tilde, we have: 

\ rO riv R ^ ^ f°° r iv R ^ 

/j, — 1 / dv R I -ijji(u,—2ipi)ei xii jit / dv R I r^iiy, -2ivi)ei xt jii 

1 f°° , r dz/j , . . , 1 /' () , r°° dvi . _ + 
/ d///? / -ipi{v,-2iv I )ei xt H2 / d^H / r XH". -2i^z)ei xt /z 2 

1 f°° , f io ° dvi , , 1 f , f° dui , _ + 
/ dz/ H / rX2(^,-2ji//)ei xt Mi / a^fl / rXs(i>,-2M>i)ei xt jU3 

""JO Jivr V — K TV J_ ao Jiv R V ~ K 

1 f° f°° dvr + _ + 1 /"» f° &// ,_, _ ._ 

n J-oo Jo V K TV J J-oo v K 

(4.78) 

Since 

ft = l + o(±Y |A|->- oo, (4.79) 

the first Lax equation (|1.4ap implies that 

q(x, y, t) = -2i lim I kn x (x,y,t,k R , ki) ), (4.80) 

|fe|— >oo V / 

therefore, using equation (|4.T8[) and applying 1' Hopital's rule to the above limit, 
we find equation (|4.73[) . D 

5 The linear limit 

In the linear limit 

q{x,y,t) =£u(x,y,t) + 0(e 2 ), e -¥ 0, (5.1) 

the 0(e) term of the KPI equation (fT73]) yields the linear PDE 

1H + U xxx - id^Uyy = 0. (5.2) 
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The initial-boundary value problem for this equation can be solved via a spectral 
analysis similarly to its nonlinear analogue, however, since the PDE is linear we will 
employ the method of [5]. Differentiating equation (|5.2[) with respect to x, we have: 



l^xt t V>xxxx ^^yy U, 
with formal adjoint equation for some function u: 

U x t T" l^xxxx ^i/w — U. 



(5.3) 



(5.4) 



Multiplying equation (|5.3|) by u x , equation ()5.4[) by u x and adding the two resulting 
equations, we find: 

\UxUx) i T \U X U X XX T Ux'U'XXX UxX^XX I OUyUy J x O [U X Uy "T U x lly I U. (^O.OJ 

A family of solutions to the formal adjoint equation is given by 



-/ ,\ —ik\x — ik^y — i\ k 

u(x,y,t) = e * 



?+3^|)* 



hence 



—ik\e \ x fc i / Uj. I + 3 \ik\Uy + ik 2 u x ) 

) t 

{-ikiu xxx + ik\u x + k\u xx - 3ik 2 u y ) ) 



; -ifeia;-j/c2y-i(fci+3- E 2- It 



(5.6) 



(5.7) 



0. 



Integrating this expression with respect to x from — oo to oo and with respect to y 
from to oo, we have: 



fc?e~H fe i +3 ^)*u(fc 1 ,fc 2 ,£)) = 3fci/ dxe 



-ikix — i(fcj+3^2.)t 



k 2 v(x,t) + iw(x,t) 
(5.8) 



where 



OO /"CXS 



da; / dye- iklX - ik2V u(x,y,t) 

-oo JO 



(5.9) 



u(/ci,fc 2 ,i) 
and the functions w and w are defined by 

v{x,t) = w(x,0,£), «;(#, i) = u y (x, 0,i). (5.10) 

Integrating with respect to t we find the relevant global relation, 

~ki 



-^+ 3 ^) t u(k 1 ,k 2 ,t) = u (ki,k 2 )+ dr J dxe- lklX - l ^ +Z ^> T Z 



fci 



v(x, t) 



+ —w{x,t) 
fci 



, fci G R, ImA: 2 < 0. 
(5.11) 



Hence, using (|5.9p we obtain: 



(».».*) = 75^/ * / •»ae ifcl "- tta, ' +<c * 1+8 ^ )t flo(*!i > * 3 ) 

(2tt) 2 J.^ J.^ 



+ __/ dfcl / dfc3e *i»-**«-K*i+3rf>* / dT / da;e- ihl "- i( * J+3 ^ )T ^«( a ; > T) 

(27T) J.oq i-oo id i-oo fci 



+ 



(2^) 2 



/o 



t 3 +3 ^2 )r 3fc 2 



dfci / dfc2 e 



-^x-il^H^rSi^^^ 



dr / ctee 



fci 



(5-12) 
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Furthermore, after changing variables 

k\ = -2v R , k 2 = kv R vi 
and rearranging the integrals, we obtain the following expression: 



(5.13) 



u(x,y,t) = — 



d,VE 



di>i — I dvR 

i Jo 



dui ) e RT "" ' " R " uo{-2vr,Avrv i ) 



IT 2 , 

n JO 



oo /-oo 



dvR I dvi dr d£,e 



-2iv R (£-x)+4iv R v I y+i(SiJ R +24,v R DJ){r-t) 



3v R 



dvn J dvi dr I d£e 

-oo Jo 



-2iv R {£,-x)+4iv R I y+i(&v R +24v R OJ){T-t) 



ZVR 



2v i v(£,t) + — w(Z,t) 
2u iV {£,t) + -!—w(Z,t) 

2.VR 



(5.14) 



Finally, letting vi = —ivj and recalling the definition (|2.3p of u, we obtain: 



2i 
u{x,y,t) = — 



pioo 

dv 



oo rioo 



— / dvR I dvi dr d£e 



dvi — I dvR 

zoo JO J —zoo 

t fOO 



j 1 — 2iu ptx4-4v rfU ry4-u( v. — 2u pt)t « / n a • \ 

dvi I e K " JM * "' uq(— ^^fl, — 4iiv_Riv_f) 



zoo •/ 

zoo 



-2»fii(f— a:)+4i/ B i/j2/— w(",— 2fj{)(i — t) 



3^_R 



— j dv R j dvi dr I d£e 

zoo J 



-2iv R (£-x) + 4v R vjy-uj(v,-2v R )(T-t) 



?>VR 



2v i v{£,t) - -— u)(|,r) 

2^ 7 «(C,r) - - — w(£,t) 

2iVfl 



(5.15) 

By employing Cauchy's theorem and Jordan's lemma, the ^/-contours of the second 
and the third term on the RHS of the above expression can be deformed to the 
positively oriented boundaries of the first and the second quadrant of the complex 
if -plane respectively (see figure [BTTj) . i.e. 





\\WVl 

i 




\vi 


v 2 

ll 

*■ 


If 


v 1 

»- 













Web>i 



Figure 5.1: The regions T>\ and T>2 on the complex i/j-planc. 



u(x,y,t) = —y j dv R 

-zoo 



7T- 



dvi — j dvR j dvi ) e 



-2ii> R x-\-Ai' R V2y-\-uj(i', — 2i' R )t a 



oo 



8T> 2 JO 



dvR I dvi dr dt; e 



-2iv R (i-x)+Av R u,y-ui(v,-2u R ){T-t) 



3vr. 



—z / dv R / dui I dr I d£e 



a-D-i Jo 



-2iv R (£-x)+4v R vjy-u(v,-2v R )(T-t) 



3v R 



uo(— 2ur,— AivrVi) 



2viv%r) - - — w(£,t) 

6Vr 

(5.16) 
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Moreover, Jordan's lemma implies that 

roo r rT roo 

/ dv R / dvj dr d ^ e -^ R ((,- X )+A, R u iy -^,-2, R )( T -t)^ = 

Jo J an 2 Jt J-oo 

dv R I dVl I dT / d^e- 2iVR ^- X )+* v R"lV-<* (-,"2^)(r- t)Q =Q] ( 517 ) 

-oc J dT>\ Jt </— oo 

thus the upper limit of the r-integrals can be replaced by T, hence 



u(x,y,t) 



2/ 



J —ioo JO -/—zoo 



rfi// I e l "' uo{-2v R ,-Aiv R v I ) 



— r I dvR I dui dr I d£,e 
a-Dn Jo 



-2iv R (£-x) + 4,v R v I y-uj(v,-2v R )(T-t) 



Zvr 



— I dv R I dvi dr I d£e 

oo J dT>i JO 



-2iu R (£-x) + 4v R vjy-uj(v,-2v R )(T-t) 



2>v R 



2viv(£,t)- 7r-~ w (^ T ) 

2viv(£,t) - - — tu(£,r) 

(5.18) 



On the other hand, taking the linear limit directly on the representation (|4.78|) 
obtained for /i via the spectral analysis of the Lax pair of the KPI equation, i.e. 
letting 



(5.19) 
(5.20) 



M =l + eA/ + C(£ 2 ), rf =eR + 0(e 2 ), pf=eP + 0(e 2 ) 7 i = 1,2, ->■ 0, 

implies via equations (|4.47[) and (J4.60I) : 

Xj^eXj + Oie 2 ), ^=s* 3 +0(e 2 ), j = 1,2,3, 

for the functions Xj and \&j defined by: 

Xi(*jt, A) = V^kR, A) - -R{k R , ~2k R - A), 

X 2 (k R , A) = $ 2 (k R , A) = P(k R , -2k R - A) + fl(* H , -2fc fl - A) 

X 3 {k R , A) = V 3 (k R , A) = -P(* S) -2fc fl - A), 

where 

i 



(5.21) 



R(k,l) 



2jt 
1 



OO /"OO 



-oo JQ 



d£ / dr,e-«- tt ( I + afc )"«o« ) »?), 



(5.22) 



2tt J^oo Jo L 



(5.23) 



Hence, the O(e) term of equation (|4.78|l yields: 



M = 



dv R I : — r, e ixt R (. u >- 2u n) 



v — k 



*^ / t — r ei ^t 

J — ioo 

oo /-0 

rf^R / 

J — ioo 



P(v, -2v R ) + R{u, -2v R ) 



v — k 

dvi , 1 f" , r°° di/ 7 
ei xt P(v, -2vr) + - / d^ / -ei xt R(v,-2u R ) 

V k n J -oo iii/ H ^ fc 



d^H 



dvi 

v — k 



e ixt 



P(i/, -2i/ B ) + #(t/, -2j/ fl ) 



di^u / '— ei xt P(v, —2v R ) - — J dv R 



dvi 

v — k 



ei xt P(iy,-2v R ) 



dv R I — —ei xt P(y,-2v R ). 

V -/0 J-oo V ~ k 



(5.24) 
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Thus, taking the limit (|4.80j) we find: 
-—I dvR I dviei xt (—2iv R )R{v,—2v R ) 



— zoo 

I CO 



du R dvi ei xt (-2iv R ) 



J —ioc 



P(y, -2v R ) + R{v, -2v R ) 



(-)• />oo r\j cy- />oo r — 200 

/ du R I duiei xt (— 2iv R )P(v, -2vr) / dv R I dvi ei xt (— 2w R )P(v, -2v R ) 

^ JO J-oo "" JO Jo 

2i f° f iaa 2i f° f°° 

H / dv R I dv I ei xt {—2iv R )P(v,—2v R ) / dv R I dvi e\ xt (-2iv R )P{v, -2v R ), 

It J-oo Jo K J-oo Jo 

(5.25) 
or, using the definition (|4.13j) and integrating once by parts with respect to x, 

roo rioo \ roo poo 

' dv R dvi) dU d V e 2iVR{i - x) - 4vR,/I ^- v)+ ^-- 2vR)t URUo^,v) 

J -ioc / J — oo Jo 



U =^{ dVR \ dVl 



c\ poo p rt /'oo 

4/ dvR / dui dr di : e -^ R (Z-x)+ivRViy-<»(v,-2vRKT-t) 3l , R 

71 Jo JdT> 2 Jo J-oo 

nO r rt roc 



2v i v(£,t) - - — w{£,t) 

lVR 



--!/" dVR f dVll dT I" ' d £ e -U»R<.t-*)+4»R"lV-«><.",-2"R)<.T-t) 3l/R 2Ul V (t, t) - — t«(|, t) 
7T 2 J_ x J dVix J J_ x L 2v R 

(5.26) 
Recalling the definition f|5.9[) . this equation is precisely equation (|5.18|) . 

6 Conclusion 

The integral representation (|4.T3[) for the solution q(x, y, t) of the initial-boundary 
value problem for the KPI equation (|1.3[) on the half-plane has been constructed, 
following the approach to the initial-boundary value problems for the DS and the 
KPII equations presented in [13| and |14j . In particular, the spectral analysis of the 
associated Lax pair of the PDE is achieved by using several tools of the theory of 
complex variables, including Green's theorem and the so-called Pompciu's formula, 
in the context of a d-bar formalism. 

In addition, the important identity (|3.1j) is obtained which relates certain trans- 
forms of the initial condition qo(x,y) and the boundary values g{x,t) and h(x,t), 
called the spectral functions, to the corresponding transform of the solution q{x, y, £), 
and which is valid in appropriate regions of the complex fc-plane. This identity, 
called the global relation, can in principle be employed after appropriate trans- 
formations in the spectral variable k in order to eliminate the spectral function 
of the unknown boundary value (either g or h) from the representation (|4.73l) . 
This is a rather complicated task, since both (|3.ip and (|4.73[) involve the function 
n(x, y, t, kn, ki), which is given by equation (|4.78|) as the solution of certain linear 
Voltcrra integral equations. However, it has been shown (see for example |15j . |16j ) 
that for a particular class of boundary conditions, called linearisable, one can ob- 
tain an expression for q depending only on spectral functions of the given initial and 
boundary values. The case of linearisable boundary conditions for the KP equations 
is currently being investigated. 
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